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It is shown that the no-signahng condition is not needed in order to argue a linear quantum 
dynamics from standard quantum statics and the usual interpretation of quantum measurement 
outcomes as probabilistic mixtures. 
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I. INTRODUCTION 

It was claimed recently 111 that the usual "quantum 
statics" supplemented by the no-signaling condition im- 
plies a completely positive, linear quantum dynamical 
law. The key point of the argument is that the no- 
signaling condition for spatially separated, noninteract- 
ing quantum systems is observed if and only if reduced 
states and remotely prepared probabilistic mixtures that 
are statistically equivalent evolve identically. This dy- 
namical equivalence of reduced states and probabilistic 
mixtures leads then necessarily to dynamical linearity. 

We wish to remark however that the dynamical equiva- 
lence of mixed states and probabilistic mixtures, and thus 
a linear quantum dynamics, can be argued under iden- 
tical assumptions without recourse to the no-signaling 
condition and space-like quantum nonlocality. The no- 
signaling condition casts the fundamental statement that 
"entanglement between noninteracting systems cannot 
be detected locally" as a corollary of the relativistic limit 
on the speed of propagation of interactions. Yet an equiv- 
alent statement applies to arbitrary sets of noninteract- 
ing degrees of freedom, including sets that cannot be as- 
sociated with spatially separable collections of physical 
particles. In the latter case, the restriction on entan- 
glement detection is not conditioned by the existence of 
a relativistic speed limit, but is inherent to the notion 
of " noninteracting quantum degrees of freedom" . We 
take advantage of quantum "nonlocality" between such 
spatially non-separable freedoms to show that the no- 
signaling condition is not necessary in a rationalization 
of quantum dynamical linearity. 

The fact that the concept of noninteracting freedoms 
takes precedence over relativistic no-signaling should be 
no surprise, since no no-signaling argument can be given 
without reference to noninteracting systems and degrees 
of freedom. This implies that an operational definition of 
the latter is a necessary prerequisite in this context. In 
other words, a no-signaling argument can be used to jus- 
tify a linear dynamics, but it provides only a particular, 
albeit powerful, realization of a more general inference. 



II. NO-SIGNALING, PROBABILISTIC 
MIXTURES AND THE LINEARITY OF 
QUANTUM DYNAMICS 

Let us begin by recalling the no-signaling argument for 
a linear dynamics 0. Consider an arbitrary quantum 
system, prepared in a mixed quantum state represented 
by the probabilistic mixture {pi, If the density ma- 

trix corresponding to this mixture reads 



(1) 



a dynamical map p — > g(/5), not necessarily linear, de- 
composes as a superposition of individual evolutions of 
its pure state components {ipi). In other words. 



;(/5) 



(2) 
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where g need not be a pure state. If the above 

identity can be applied equally to all probabilistic mix- 
tures described by the density matrix p, it can be con- 
cluded that the dynamical map g must be linear. 

The relativistic no-signaling condition is brought in 
for the purpose of validating the latter conjecture and 
the first identity in Eq.|21). Suppose the mixed state 
described by p is a reduced state corresponding to an 
entangled pure state of space-like separated, noninter- 
acting systems. Such a state can be converted into any 
equivalent probabilistic mixture by an appropriate max- 
imal measurement on the remote entangled counterpart. 
But if the no-signaling condition must apply, the local re- 
duced state must evolve in the same manner regardless of 
its particular realization as a probabilistic mixture, or the 
remote measurement could be detected locally. Hence, it 
is argued, the no-signaling condition enforces the first 
identity in Eq.Q, and therefore a linear dynamics. 



III. LINEAR QUANTUM DYNAMICS 
WITHOUT THE NO-SIGNALING CONDITION 

Nevertheless, the above recourse to the no-signaling 
condition is not necessary in this context. For let us re- 
call and examine in closer detail the meaning of "nonin- 
teracting systems" in a quantum setting. In a traditional 
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understanding, it is said that two distinct systems A and 
B are noninteracting if and only if interactions restricted 
to one of them do not affect the time-dependence of any 
observables pertaining to the other. This is a very gen- 
eral, metatheoretical statement that encompasses both 
instantaneous and delayed influences, but makes no ref- 
erence to, and no use of, the presence or absence of a rel- 
ativistic speed limit for the propagation of interactions. 
As such, it holds true equally in both nonrelativistic and 
relativistic physical theories. It also applies a priori both 
to uncorrelated systems and classically correlated statis- 
tical systems, and thence necessarily to quantum systems 
in separable probabilistic mixtures [mixed states] . When 
this definition is further extended to quantum systems in 
entangled states, it implies that entanglement between 
noninteracting systems cannot be detected by [local] ac- 
tions limited to either the observed element or any non- 
interacting counterpart. To be formally precise, let an 
entangled state of the systems A and B be described 
by the common density matrix /5^-|_B(t), corresponding 
to reduced states PAit) = TrigpA+eit) SLiid, respectively, 
Peit) — TrAPA+B{t)- Then A and B are noninteracting if 
and only if interactions that involve, say, only observables 
of A, do not affect the time-dependence of the state of B, 
specifically the time-dependence of its ensemble statis- 
tics. That is, if gAiPA+isit)) denotes any new dynamics 
of ^ -|- ;B induced by interactions involving A only, then 
A and B are noninteracting if and only if the state of B 
remains described by the same reduced density matrix, 
= TrBgA{PA+B{t)) = TrAPA+B{t) = PB{t)- 

But this implies, in particular, that interactions lead- 
ing to a measurement on A at time Iq do not affect 
the statistics and the density matrix of B at any later 
time t > to. Therefore one has from the very defini- 
tion of " noninteracting systems" that a measurement on 
one of two such quantum systems that are eventually in 
an entangled state, whether pure or mixed, must leave 
the statistics of the other unchanged throughout all later 
times. If quantum measurements are understood to pro- 
duce probabilistic mixtures, then it follows again that 
a suitable choice of measurements on A can prepare the 
noninteracting counterpart B in any desired probabilistic 
mixture, while leaving its density matrix unchanged. 
Hence probabilistic mixtures and reduced states with 
identical density matrices must evolve identically, and 
the overall dynamics must necessarily be linear. 

The potentially questionable point in the line of rea- 
soning sketched above concerns the extension of the defi- 
nition for " noninteracting systems" over entangled quan- 
tum states. It is possible to object that 

a) in so doing one covertly and necessarily sanctions the 
relativistic no-signaling condition, or 

b) the no-signaling condition can always be brought in 
as a superseding first principle to justify an assumption 
[specifically, the extension to entangled states] that lacks 
a more fundamental basis in the existing framework. 

Suppose objection (a) is valid and the described ex- 
tension to entangled states is justified only if the no- 



signaling condition is observed, or in effect implies the 
no-signaling condition. It follows, by logical negation, 
that if a finite relativistic speed limit is absent, this ex- 
tension cannot be observed. Yet it is known to be a 
perfectly consistent and functional notion in the frame of 
nonrelativistic quantum theory. Hence objection (a) is 
not pertinent. To clarify objection (b), let us recall that 
the concept of " noninteracting systems" is superseded in 
turn by the more fundamental notion of " noninteracting 
degrees of freedom" . The entire discussion above applies 
identically if the phrase "set of independent degrees of 
freedom" is substituted for the less descriptive concept 
of "system". However, unless the individual freedoms 
are associated with specific space-time locations, as for 
quantum fields, the notions of space-like separation and 
nonlocal communication between two degrees of freedom 
are meaningless. Hence in such cases it is clear that the 
no-signaling condition cannot be used in the character- 
ization of " noninteracting degrees of freedom" . We can 
exploit this predicament to give a more elaborate version 
of the previous counterargument, showing that objection 
(b) can indeed be averted. 

So let us recall that, without any loss of generality, 
every quantum system is described by a specified set S 
of independent degrees of freedom, represented by com- 
muting coordinates [observables] qa , the allowed values of 
which label an orthogonal basis in the total Hilbert space 
of pure quantum states Hs- Moreover, a total Hilbert 
space parameterized by a given number of degrees of free- 
dom is isomorphic to a direct product of Hilbert spaces 
Ha, each associated with a single freedom qa- That is, 
Hs ~ Ti-a- In such a representation, an overall state 

p whether pure or mixed, can be regarded in gen- 
eral as an entangled state of the independent degrees of 
freedom Q. For every subset of such freedoms A C S 
one can define a reduced statistics described by a reduced 
density matrix pA = Tr^[p], where A — 5/^ denotes the 
complementary subset of freedoms in the total set S. On 
the other hand, according to the usual interpretation of 
quantum measurements, a measurement involving only 
a restricted subset of coordinates A prepares the com- 
plementary subset A in a probabilistic mixture. Since 
observables associated with distinct q^-s commute, the 
density matrix of this mixture is necessarily identical to 
the reduced density matrix pA of subset A prior to the 
measurement. For instance, let a 3-dimensional particle 
be described by Cartesian components of its momentum, 
say Px, Py, and Pz, and let it be prepared in a pure state 
I^E") given as [momentum representation] 



|*)=y dpx J dpy J dpz-^{px,Py,Pz)\Px,Py,Pz) ■ 

Then an ensemble measurement of Px will prepare the 
complementary components Py and pz in a probabilistic 
mixture with a density matrix 
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Ppyp. = / dp^{p^Yi!){'i\p^) 



Also, let us recall again that two independent quantum 
degrees of freedom and are said to be noninteracting 
throughout a given evolution if and only if interactions in- 
volving qp, but not f/ct, do not affect the time-dependence 
of any observables pertaining to qa, and similarly for in- 
teractions involving Qq,, but not qp. In particular, if q^. 
and qp are noninteracting freedoms, an ensemble mea- 
surement of qa at time will not affect the ensemble 
statistics of (7/3 at any later time t > t^. 

We can establish now that, under the above assump- 
tions, the dynamics of any noninteracting subset A of 
degrees of freedom must be linear, irrespective of the to- 
tal dimensionality of the system. From this it follows by 
extension that quantum dynamics must be linear overall. 
The argument is again similar to the no-signaling argu- 
ment, although the no-signaling condition itself is not 
involved, either directly or indirectly. To make the latter 
point clear, let us illustrate first with a simple example. 
A detailed account of the general proof follows. 

Imagine the 3-dimensional particle mentioned above as 
being a charged, spin-0 particle, and let us partition its 
degrees of freedom into two disjoint sets, A = {py,pz}, 
and A — {px}- Let this particle be subject to an external 
interaction that couples to the subset {py,pz}, but not 
to {px}- For instance, let it move in a magnetic field 
oriented along the x direction. At the initial time to the 
total state of the particle is an "entangled" state of its x, 
y and z degrees of freedom, and the statistics of the py 
and pz components of the momentum is described by the 
reduced density matrix pp . Let us assume that in the 
absence of any other external intervention this reduced 
density matrix evolves as 

PpvPz ^ St(PpyPz) ■ 

But suppose now that at time to the particle undergoes 
an ensemble measurement involving the Px component 
of the momentum and/or its higher moments, includ- 
ing the spatial coordinate x. Such a measurement pre- 
pares Py and pz in a statistically equivalent mixture, say 
S Kv,pMpv,Pz){4>Py,pA^ which evolves necessarily ac- 

Pv,Pz 

cording to a law of the form 

X! Ky,pMpy,P.){'l>Py,P. \ ^ ^ ,P. S* ( I ,P J (0p„ ,P J ) 

Py,Pz Py,Pz 

Since the x degree of freedom remains decoupled from 
the y and z degrees of freedom throughout the propaga- 
tion, by definition the x-measurement cannot affect the 
reduced statistics of Py and Pz at either to or at any 



later time t. It follows that the evolved mixture and the 
evolved reduced state must be statistically equivalent, 
hence must have identical density matrices, 

,Pz\^Py,Pz){4'Py,Pz\) — ^ ^PyPzSt{\4'Py,Pz){'Ppy,pj) ' 

Py,Pz Py,Pz 

The above identity holds for any probabilistic mixture 
S Ky,Pz \4'py,Pz){4'py,pAj and it can be shown that any 

Py:Pz 

such mixture can be generated by a suitably designed x- 
measurement Hence we must resolve that the corre- 
sponding reduced dynamics along y and z must be linear. 

Observe further that the level of generality of this con- 
clusion extends in fact beyond the above one particle ex- 
ample. Since the dynamics described by the map gt is 
otherwise arbitrary, a similar statement applies on any 
isomorphic state space, under isomorphic physical condi- 
tions. For instance, the reduced Hilbert space subtended 
by Py and pz for the charged 3-dimensional particle is 
isomorphic to the state space of a spinless particle mov- 
ing in a 2-dimensional plane, thus the dynamics of a 2- 
dimensional particle must be linear. Similarly, the same 
reduced space parameterized by Py and Pz is isomor- 
phic to the state space of two distinguishable, spinless 
1-dimensional particles, hence a two-particle dynamics 
in a 1-dimensional space must be linear. In particu- 
lar, the dynamics of two noninteracting, but entangled 
1-dimensional particles [eventually localized on distinct 
linear segments] must be linear. We note that, indeed, no 
reference to the no-signaling condition was necessary in 
order to infer a linear quantum dynamics under the given 
assumptions about quantum measurements and proba- 
bilistic mixtures. 

Let us return now to the general case and conclude 
the argument. Let the chosen quantum system be ar- 
ranged such that the degrees of freedom selected for its 
description are partitioned into two mutually noninter- 
acting sets, say A and A, and let Ha [H-j] denote the 
reduced Hilbert space subtended by the degrees of free- 
dom in set A [A]. We note that such a partition can 
always be defined so that neither set of freedoms corre- 
sponds to a collection of physical particles, and in such a 
case the space-like separation of the two sets is physically 
meaningless. Let this system be subjected to an external 
interaction that couples to the freedoms in subset A, but 
not to those in the complementary set A. Suppose that at 
time to the system is in a state with density matrix plto), 
such that the reduced statistics of the set A is described 
by the reduced density matrix pAito) = Tr^[p{to)], and 
let the evolution of this reduced statistics for times t > to 
be described, in the absence of any other actions on the 
system, by the dynamical map 

PAito) PA{t) = gi(P^) ■ (3) 

The original no-signaling argument can now be easily 
transposed to the present setting, up to the no-signaling 
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condition itself. If at time to the system undergoes an 
ensemble measurement of some coordinates belonging to 
the set A, the set A is prepared in a probabilistic mix- 
ture, say 

i 

As in the no-signaling argument 1], any desired proba- 
bilistic mixture of A can be prepared by an appropriate 
choice of the yt- measurement. The evolution of such a 
probabilistic mixture necessarily decomposes as a super- 
position of individual evolutions of its pure state compo- 
nents If/)-"^^) G Ha, that is 

pUito) - pUit) = J2p^ ■ (5) 

■i 

We recall that gt ) \j need not be a pure state 

[e.g., the y^-degrees of freedom may become entangled 
with the environment] . 

Now, since the A and A degrees of freedom are mu- 
tually independent and noninteracting, by definition the 
^-measurement cannot affect and cannot distill entangle- 
ment in the reduced statistics of the set A at either to or 
t. This clause takes the place of the original no-signaling 
condition and suffices to guarantee a similar conclusion. 
Thus one must necessarily have p>t(io) = P^(^o) and 
PA{t) — pUi^)- this means that 



i 

for any probabilistic mixture of A with an initial density 
matrix p^. Hence any probabilistic mixture of A must 
evolve linearly, and the map gt is generally linear on 
the convex set of density matrices p^. Since gt is 
otherwise arbitrary, a similar statement extends to any 
state space isomorphic to Ha- Moreover, since both the 
system S and the set A are also arbitrary, it follows that 
dynamical linearity can be inferred for any quantum 
system by means of an isomorphism with a subset of 
degrees of freedom for some properly selected larger 
system, i.e. by means of a generalized embedding. 



IV. CONCLUSIONS 

In essence, both the argument proposed here and the 
no-signaling argument for quantum dynamical linearity 
provide a first principles proof of the well known fact 



0, H, 0, 0, 13 that nonlinear evolution laws are incom- 
patible with quantum probabilistic mixtures and the 
phenomenon of remote preparation. Nevertheless, it 
must be kept in mind, as first pointed out in ref.'^, 
that the concept of remote preparation entails an 
implicit acceptance of the projection postulate, which 
is extraneous to quantum statics. For suppose that two 
noninteracting systems, or sets of degrees of freedom, 
A and B are initially in an entangled pure state l^'^i?). 
Their respective local states are necessarily elementary 
reduced states that cannot be prepared locally. Let 
a maximal preparatory measurement be effected and 
recorded on system B at time to as observed in a given 
reference frame, and let system A be subject to an 
observation, also immediately recorded, at an arbitrarily 
close time to + St. If the preparation leaves either A or B 
in a probabilistic mixture of pure states, it follows that 
the joint state of A and B at to + St must be a separable 
mixture, realizable as a statistical superposition of prod- 
ucts of local states [otherwise individual measurement 
outcomes cannot be pure states in either system]. In 
other words, the total state must undergo a disentangle- 
ment process. But if this total separable state is indeed 
a probabilistic mixture, then by the very definition of 
the latter every pair of A and B [+measuring device] 
in an ensemble representative of this mixture must 
actually exist in one of the contributing product states, 
say p^"* (g) p^"*. Let the joint recorded observations of 
A and B corroborate one such product state in each 
run of the experiment. This evidently implies that each 
particular sample of A and B must undergo an evolution 
from the initial, pre-measurement state I^'.ab) at to 
to some final, post-measurement state p^* (g) pg"* at 
to + St, occurring with a certain probability among a 
set of possible product states. System A, in particular, 
must evolve from a local state p^* — Trs [\^ab){^Ab\\ 
at to into the local state p^* at to -\- St. But this is 
precisely a "projection at-a-distance" process, which 
must be assumed to occur instantaneously, since St can 
be made arbitrarily small. Hence the statement ' local 
measurements produce local and/or remote probabilistic 
mixtures ' is seen to be equivalent to the projection 
postulate. 

The original motivation behind the no-signaling argu- 
ment for dynamical linearity was the observation that 
any attempt "to modify quantum physics, e.g., by intro- 
ducing nonlinear evolution laws for pure states, ...easily 
leads to the possibility of superluminal communication" 
[01 1 Pg-1]- From this it was reasoned that, perhaps, the 
converse may be true, and linearity is secured by the rel- 
ativistic impossibility of superluminal signaling, in the 
form of the no-signaling condition. We showed, how- 
ever, that the relativistic speed limit does not play an 
essential role in enforcing dynamical linearity. Linear 
dynamics derives strictly from the probabilistic mixture 
interpretation of quantum measurements, in conjunction 
with quantum nonlocality [remote preparation] . Perhaps 
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it may be argued that the Hilbert space structure of 
the quantum state space is determined by the relativis- 
tic structure of space-time But once this structure 
is accepted as the fundamental component of quantum 



statics, and is supplemented by the probabilistic mixture 
point of view, there is no need for a recurring reference 
to relativity in order to justify a linear dynamics. 
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